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We study the energy spectra of bound states in quantum dots (QDs) formed by an electrostatic
potential in two-dimensional topological insulator (TI) and their transformation with changes in QD
depth and radius. It is found that, unlike a trivial insulator, the energy difference between the levels
of the ground state and first excited state can decrease with decreasing the radius and increasing
the depth of the QD so that these levels intersect under some critical condition. The crossing of the
levels results in unusual features of optical properties caused by intraceneter electron transitions.
In particular, it leads to significant changes of light absorption due to electron transitions between
such levels and to the transient electroluminescence induced by electrical tuning of QD and TI
parameters. In the case of magnetic TIs, the polarization direction of the absorbed or emitted
circularly polarized light is changed due to the level crossing.
PACS numbers: 71.55.-i, 73.20.-r, 78.67.-n
I. INTRODUCTION
In the study of two-dimensional (2D) time-reversal in-
variant topological insulators (TI), the main attention is
focused on the gapless electronic states that arise at the
edges of 2D TI or at boundaries of the TI with conven-
tional insulators 1–3. These states have linear Dirac spec-
trum and helical spin structure. Due to spin–momentum
locking they are robust against elastic scattering by
nonmagnetic defects and form one-dimensional channels
which have quantized conductance and carry the equi-
librium spin current. These features of the edge states
make them promising for the use in spintronics. In this
regard, the possibility of the electrical control of charge
and spin currents were extensively investigated for a vari-
ety of nanostructures based on 2D TIs, such as quantum
point contacts 4,5 and tunnel junctions with conventional
semiconductors 6.
Another interesting aspect of the 2D TI study is due to
fundamental changes in energy spectrum and spin struc-
ture of defects and quantum dots which are caused by
strong spin-orbit coupling and inverted band structure
7–12.
In Ref. 7, it was shown that the bound states in 2D
TI occur at uncharged vacancies (antidotes). Basically,
these states are edge states localized at the perimeter
of an antidot. The emergence of in-gap bound states
induced by impurities with a Gaussian potential was
demonstrated in Ref. 8 by numerical calculations for
a certain set of TI parameters.
In the work 9 it was shown that defects with the short-
range potential in 2D TI bulk, unlike the trivial semicon-
ductor, can host at once two bound states of different
nature. The states of first kind are due to the localiza-
tion of carriers for which the defect potential is attractive,
while other states are akin to edge states and caused by
the localization of carriers, for which the defect potential
is repulsive.
Interestingly, the localized states in 2D TI may occur
at magnetic vortices 11,12. Thus in Ref. 12 the existence
of a pair of zero-energy modes bound to a vortex carrying
a pi-flux was demonstrated.
Note , that in recent years the electron states localized
at different kinds of defects in three-dimensional (3D)
topological insulators, in particular, impurity-induced
states on the surface of 3D TI 13 and the states local-
ized on the linear dislocations 14 and grain boundaries 15
were also intensively studied .
From both practical and pure scientific points of view,
quasi-zero-dimensional quantum dots (QDs) with con-
trolled parameters are of great interest 16.
Quantum dots in 2D TI have attracted attention pri-
marily because of the appearance of the circular edge
states with quantized spectrum on their borders. Usually,
the isolated QDs with an infinite barrier at their borders
are studied. 17–19 Besides the ordinary size-quantized
states with energy levels located in the conduction and
valence bands, these topological QDs support also the
”edge” bound states with levels laying in the energy gap.
In the work 20 the spectra of intrasubband and inter-
subband optical transitions between localized states in
QD created in an ultra-thin film 3D TI are calculated.
In such film the energy gap exists in the spectrum of sur-
face states exists. The local increase in the film thickness
leads to the reduction of the energy gap and the occur-
rence of quantum wells at once for both electrons and
holes.
Here we study the properties of QDs formed in 2D TI
by the strong potential, comparable to or larger than the
energy gap. We are interested in issues how the unusual
properties of topological insulators will manifest them-
selves in electrostatically confined quantum dots, where
the trivial phase region is absent. We focus on the prop-
erties of the deep QDs of small radius. It is essential
that such quantum dots can be considered as model de-
fects with a strong short-range potential. Recall that the
point defect in the bulk of 2D TI can host two bound
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2states in contrast to the trivial case where only one state
can exist.9 So our study aims to trace the evolution of the
bound states with a decrease in the QD size and identify
opportunities for the two states coexistence in small QD,
similar to the case of point defect.
We show that in contrast to the case of trivial 2D in-
sulator, in TI quantum dot with a strong short-range
potential, the energy gap between ground and excited
states can decrease with decreasing radius and increas-
ing depth of the QD. Furthermore, in QDs of fairly small
radius the relative position of the energy levels of these
states can be inverted.
This can lead to interesting effects including the strong
variation in the intensity of the absorbed light. Moreover,
in case of magnetic TI the inversion of the levels results in
the direction change of the circular polarization of light
absorbed while passing through the 2D TI.
In Section II we describe the model and the calcula-
tion scheme. In Section III the calculation results are
presented and the possible experimental manifestations
of level crossing are discussed. At last in Section IV we
qualitatively explain the transformations of the bound
state spectra and summarize the main results.
II. THE MODEL AND CALCULATION
SCHEME
Consider a 2D TI with QD formed by a gate located
above it. The radius and the depth of the potential well in
the QD are controlled by the gate potential. To describe
the bound states in the QD, we use the effective model
Hamiltonian proposed by Bernevig, Hughes and Zhang
(BHZ) 21 for 2D TI:
H =
(
h(k) 0
0 h∗(−k)
)
, (1)
where k is momentum operator and
h(k) =
(
M+(B+D)k2 A(kx + iky)
A(kx − iky) −M−(B−D)k2
)
. (2)
The Hamiltonian (1) describes the electron states of
2D TI expressed in the basis of {|E1 ↑〉, |H1 ↑〉, |E1 ↓
〉, |H1 ↓〉}, where {|E1 ↑〉, |E1 ↓〉, } are the superposition
of the electron states of s-type and the light-hole states
of p-type with spin-up (↑) and spin-down (↓) and {|H1 ↑
〉, |H1 ↓〉} are the heavy-hole states.
In Eqs. (2) the model parameters (A, B,D) > 0 and
M < 0 in the topological phase while M > 0 in trivial
phase.
The BHZ model is commonly used to study the trans-
port, optical and photoelectric properties of edge states
22–24, bound states of defects and impurities 7–9,25, local-
ized states in the line dislocations 14 and on grain bound-
aries 15 and QD states 17,18,20. In the original form this
model did not take into account the spin-orbit interac-
tion (SOI) but further it was generalized to include the
SOI due to the bulk inversion asymmetry (BIA)26 and
interface inversion asymmetry (IIA) in TI quantum wells
27. In this calculation we restrict ourselves to standard
BHZ model. The impact of the SOI on the QD electron
spectra will be discussed at the end of the next section.
We assume that the QD potential is rectangular and
circularly symmetrical, V (r) = V θ(R−r), where V andR
are depth and radius of the dot, and θ(x) is the Heaviside
step function.
The total Hamiltonian of the system, H0 + V (r), con-
tains two separate spin blocks for which the Schro¨dinger
equations are:
[Eσ0 − h(k)]Ψ↑=σ0V (r)Ψ↑
[Eσ0 − h∗(−k)]Ψ↓=σ0V (r)Ψ↓ , (3)
where σ0 is the 2 × 2 unit matrix, Ψ↑↓(r) are two-
component spinors (ψ1↑↓(r), ψ2↑↓(r))T . The wave func-
tions should be quadratically normalized and, in partic-
ular, must vanish at r →∞.
Below we will describe only the calculations for spin-
up electrons and hereafter omit the spin index (↑). The
calculations of the spectrum and the wave functions of
spin-down electrons are similar.
Let us introduce the following dimensionless variables
and the parameters: ε = E/|M |, k′ = k√(B/|M |),
{x′, y′, r′}= {x, y, r}√|M |/B, a=A/√MB, d = D/B,
r0 = R
√|M |/B and v = V/|M |, and omit the prime in
the variables x′, y′, r′, k′ for convenience.
From Eqs (3) we find the bulk energy spectrum:
ε(k) = dk2 ±
√
µ2 + (a2 + 2µ)k2 + k4, (4)
where µ = −1 for TI and µ = +1 for trivial insulator.
Now we place the origin of the coordinate system at the
center of the quantum dot and use the polar coordinate
system, where
k2 = −( d2dr2 + 1r ddr + 1r2 d
2
dϕ2 )
k±=kx ± ky=e±iϕ(−i ddr ± 1r ddϕ )
, (5)
Using the trial wave functions in the form of
(ψ1, ψ2)
T e−λr one finds from Eqs (3) the roots of the
secular equation
λ1,2(ε) =
√
a2
2 +µ+εd±
√
( a
2
2 +µ+εd)
2−(1−d2)(1−ε2)
√
1−d2 ,
λ3,4(ε) = λ1,2(ε− v).
(6)
In what follows, we restrict ourselves to the case, when
the parameter a ≥ 2.
The energy levels of the states localized in QD are lo-
cated in the bulk gap of TI, ie, in the energy interval
−1 < ε < 1. If the bound energy is less than the dot
bottom (ε < 1 − v), the wavevectors λ1,2 and λ3,4 are
real. The calculations show that in this case there are no
localized states. If 1 > ε > max(1− v,−1) the wavevec-
tor λ4 is imaginary, while the vectors λ1, λ2 and λ3 are
3real. The wave functions of localized states must be nor-
malized, that is they must be finite in the QD and vanish
at infinity. Therefore, within the QD (r < r0) they are
of the form
Ψ<m(r, ϕ)=
(
ei(m+1)ϕ[c3Jm+1(λ3r)+c4Im+1(−iλ4r)]
eimϕ[c3f3Jm(λ3r)+c4f4Im(−iλ4r)]
)
,
(7)
where m is angular momentum quantum number.
Outside the QD (r > r0) the wave functions are as
follows
Ψ>m(r, ϕ)=
(
ei(m+1)ϕ[c1Km+1(λ1r)+c2Km+1(−iλ2r)]
eimϕ[c1f1Km(λ1r)+c2f2Km(−iλ2r)]
)
,
(8)
where functions fi, (i = 1, 2, 3, 4), are found by the sub-
stitution of (7) and (8) into (3) :
f1,2=
iaλ1,2
µ−(1− d)λ21,2 + ε
; f3,4=
i(3,4)aλ3.4
µ− (1− d)λ23,4 + ε− v
(9)
Matching the wave functions and their derivatives at
the boundary r = r0, one obtains a system of homo-
geneous linear equations for constants ci (i = 1, 2, 3, 4).
Together with the normalization condition, this system
of equations determines the coefficients ci. Setting the
determinant of this system equal to zero, one finds the
energy spectrum of the bound states.
III. RESULTS AND DISCUSSION
The energy spectrum and, in particular, the number
of states that appear in the QD depend on both the TI
parameters (a and d) and the QD parameters (r0 and v).
Here we consider in detail the case when the QD has only
two levels. Such a situation is convenient for the study
of physical phenomena in TI, and promising for use in
quantum information systems.
Consider a QD with potential well for conduction band
electrons, v < 0. In this case the ground state is char-
acterized by angular quantum number m = 0, while the
first excited state hasm = −1. With increasing the depth
v (reducing the dot radius r0) the energy levels of these
states 0 and 1 fall (rise) at different speeds. Therefore,
the energy separation between them changes. At high
r0 and small |v| the separation increases with decreasing
r0. However, at small r0 the situation changes and the
energy levels 0 and 1 approach each other. This can be
seen from Fig. 1(a), which shows the dependences of the
ground and first excited states levels on the dot radius
r0.
From Fig. 1 (b) one can see that the dependence of
energy gap between the excited and ground states on
r0, ∆(r0) = 1(r0) − 0(r0), is nonmonotonic and at
small radius (r0 < 3) ∆ε decreases with decreasing r0.
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FIG. 1. (Color online.) (a) The dependence of the energies
of the ground and first excited states, 0 and 1, on the dot
radius r0. Blue solids lines 1 and 2 are 0(r0) and 1(r0) in the
TI, black dash-dot lines 3 and 4 are similar dependences in the
case of trivial insulator; (b) The dependences of the energy
separation between levels of first excited and ground states
on r0, ∆(r0) = 1(r0)− 0(r0): lines 1 (blue) and 2 (black) -
∆(r0) for the TI and for the trivial insulator correspondingly.
The depth of the dot |v| = 2.5, the TI parameters are a =
2, d = 0.
It turns out that in deep QDs with |v| > 8 these levels
intersect when r0 decreases down to rc < 0.7, and then
their relative position reverses.
The above situation is quite different from the case
of the QD in the trivial insulator. The lines 3 and 4 in
Fig. 1(a) and line 2 in Fig. 1(b) show that in trivial phase
the energies of bound states and the energy difference
between them increases with decreasing the dot radius
r0. This holds for any |v|. As a result, at sufficiently
small radius (r0 < 2) two bound states in QD in trivial
insulator cannot coexist together for any value of the dot
depth |v|.
The crossing of low-energy states means a change in
the properties of the ground state. Indeed, when r0 > rc
the ground state is characterized by angular momentum
quantum number m = 0, while at r0 < rc its m-value is
equal to −1.
It is essential that level crossing and ground state re-
construction can also be induced by changing the quan-
tum dot potential v. Fig. 2 shows a map of low-energy
bound states characterizing their relative positions in the
40,3 0,4 0,5 0,6 0,7 0,8 0,9
0
10
20
30
|v
|
r0
I
II
III
IV
FIG. 2. (Color online.) Map of bound state configurations
in v − r0 plane. I (red) and II (blue) are the regions where
ground and first excited states levels coexist in 2D TI gap. In
region II ground and excited states have angular momentum
quantum numbers m = 0 and m = −1, correspondingly. I
is ”inversed” region where ground state has m = −1 and
excited state has m = 0. In regions III and IV only one of
bound states can exist in the TI gap. The TI parameters are
a = 2, d = 0.
2D TI gap for different regions in a plane (|v|, r0). As seen
from the map the increase in |v| above the critical value
vc for r0 < rc = 0.72 leads to a spectrum inversion, when
the level of the state with m = −1 falls below that with
m = 0. Interestingly, further increase in |v| results in
reverse rearrangement.
The map in Fig. 2 shows that the crossing of the en-
ergy levels occurs at r0 = rc = Rc
√|M |/B ≈ 0.7.
Hence, setting a = A/√B|M | = 2 , we obtain the crit-
ical size of the quantum dot 2Rc = 4B/A ≈ 20 nm at
B = 0.3 eV nm2 (which corresponds to the effective mass
of carriers m∗ = 0.1 m0, m0 - free electron mass) and
A = 4 · 10−2 eV nm 28.
It should be noted that at small r0 the crossing of
higher energy state levels with |m| > 1 is also possible.
This occurs when the values of v are several times greater
than the critical value vc .
Crossing of the low-energy levels in the narrow QDs
manifests itself in the dependencies of these levels on the
parameters M and A as well. Interestingly, in bilayer
quantum structures such as InAs/GaSb where inverted
band spectrum is created by the hybridization of elec-
tronic states of a one quantum well (InAs) and hole states
of other quantum well (GaSb) 28–30, the TI parameters
M and A can be easily changed by transverse voltage.
This provides an efficient way to control the energy level
crossing.
Bound states also arise in the quantum dots produced
by a positive potential, v > 0. When parameter d
which determines the asymmetry of the electron and hole
branches of energy spectrum is equal to zero, the energy
levels of the bound states, counted up from the valence
band top depend on r0, v and other parameters in the
same manner as described above. However, in the case
where the parameter d is not small (0.1 < d < 1 ), the
spectra generated by potentials of opposite signs are es-
sentially different. With increasing d the conditions for
the inversion of two low-lying states are relieved for v > 0
but become tougher for v < 0. In the first case, the value
of rc increases up to 0.9, while vc drops down to 3 with
an increase of d up to 0.8.
The crossing of 0 and 1 levels leads to interesting
features in the optical transitions between the quantum
dot levels.
In accordance with the selection rules for electric dipole
transitions the absorption of the right-hand (left-hand)
circular polarized light leads to an increase (decrease)
in orbital quantum number m by 1 (-1). Therefore,
in the normal arrangement of the levels, when 0(m =
0) < 1(m = −1), left-hand circularly polarized light
is absorbed, while after change of level positions (when
0(m = 0) > 1(m = −1)) the optical transitions in TI
QD are induced by right-hand circularly polarized light.
The matrix element of the optical dipole transition
M =
∫ ∞
0
rdr
∫ 2pi
0
dϕ〈Ψ∗f (r, ϕ)|h(A)|Ψi(r, ϕ)〉, (10)
is determined by the operator of the interaction between
the light and 2D TI electrons
h(A) =
(
2(B+D)kA A(Ax + iAy)
A(Ax − iAy) 2(B−D)kA
)
, (11)
Using the found energy of the bound states, the
wave functions Ψi(r, ϕ) = Ψm=0(r, ϕ) and Ψf (r, ϕ) =
Ψm=−1(r, ϕ), and the expressions for operators kx =
(k+ + k−)/2 and ky = (k+ − k−)/2i 5 we calculate the
matrix elements.
Fig. 3(a) and Fig. 3 (b) show the dependences of the
modulus of the optical transition matrix elementM, the
dependences of the energy levels 0 and 1 (ground and
excited states for v < 8) and the difference in their energy
∆ = 1 − 0 on the dot depth v.
One can see that with the increase of v the direction
of circular polarization of absorbed light changes from
the left-hand circular polarization to the right-hand one,
and then back again when the levels 0 and 1 cross once
more. Of course, the interaction of the light with elec-
trons with opposite spin (↓) leads to the similar features
in the absorption spectrum, but with opposite direction
of circularly polarized light, and this results in full com-
pensation of polarization effects.
However, the spin degeneracy, ie, the degeneracy of the
states of the electrons of different spin blocks is removed
when the time reversal symmetry is broken due to the
presence of an external magnetic field or the exchange
interaction with magnetized localized spins. The latter
case is realized in magnetic topological insulators (MTI)
with out-of-plane magnetization 31–33. In this case, the
exchange term Hex, that induces the Zeeman splitting of
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FIG. 3. (Color online.) (a) The dependence of the mod-
ulus of the matrix element of the dipole optical transition
between states 0 and 1 on the depth of the potential well,
|M|(v). The solid blue lines (red dash-dot line) correspond
to absorption of the left-hand (right-hand) circularly polar-
ized light (b) The dependence of the energies of low-laying
states 0 (blue dash line), 1 (green dash-dot) and energy dif-
ference ∆ = 1 − 0 (red solid) on the potential v. The TI
parameters: a = 2 and d = 0.
TI bands, should be added to the Hamiltonian (1)
Hex =
(
Ge 0
0 Gh
)
, (12)
where 2Ge and 2Gh are the spin splitting for conduction
and valence bands, respectively. The total Hamiltonian
of MTI, H∗ = H + Hex, has a block-diagonal form as
before.
The energy spectrum of each block is shifted by the
value ∆ = ±(1/2)(Ge + Gh), and the bulk gap changes
by ∆M = ±(Ge −Gh), where the plus sign (+) refers to
spin-up electrons and the sign (-) to spin-down electrons.
Procedure of the bound states spectra calculations
does not change. The calculation results can be obtained
by proper replacement of gap parameter M by different
parameters M↑,↓ for each of two spin blocks. In the sim-
ple case, when the Ge = −Gh = −G, the shift of the
energy gap center is absent (∆ = 0), and the energy
gap for spin-up electrons increases in absolute value with
increasing G, M↑ = −|M | − 2G, while for electrons of
spin-down block it decreases, M↓ = −|M |+ 2G.
When 2G > |M | , the MTI is in quantum anomalous
spin Hall phase, where the electrons with spin-down are
in the normal phase. Then only the states of the electrons
with spin-up can participate in the optical transitions in
deep narrow QDs. So in this case the level crossing results
in the change of the direction of circular polarization of
absorbed light.
Now let’s turn to the possibility of observing the level
crossing experimentally. Apparently, the spectrum re-
construction in 2DTI quantum dots can be detected and
studied by the changes in the intensity and polarization
of the absorption of light passing through 2D TI with
quantum dots. In this respect, it is highly interesting to
study the transient electroluminescence, which must oc-
cur at the intersection of the QD levels under the pulse
voltage application. Voltage induced inversion of level
positions leads to the violation of their equilibrium pop-
ulation (and even to the inversion of electron function
distribution) and therefore to the spontaneous emission
of polarized light, which results in the recovery of equi-
librium electron distribution in QD. When the voltage is
turned off, there is a return to the previous configuration
level positions, and again the electron population of the
exited state is higher than the equilibrium one, leading
to a new peak light emission (but with a different circular
polarization).
Importantly, because of the Coulomb repulsion be-
tween electrons, only one of the states (the ground or
excited state) can be filled by electron, if the energy lev-
els of these states lie below the Fermi level not more
than ∆E = e2/0λ, where λ is the size of electron local-
ization and 0 is relative permittivity. For λ = 10nm and
0 = 10÷ 100 one finds ∆E = (1÷ 10)meV , this value is
comparable to the typical energy gap of 2D TI.
Note that the level crossing can also appear in the spec-
trum of bound states of point defects in the 2D TI bulk
9,25. The above described features of the optical prop-
erties of QD are inherent to this case also. The recon-
struction of the point defect spectrum can be induced by
electrical tuning the 2D TI parameters M and A.
It should be also emphasized that in real TI structures,
there are two factors that can affect the QD energy spec-
tra, namely the SOI and the hybridization of QD bound
states with the edge states. A detailed study of these
factors requires a separate research. However, to under-
stand the impact of these factors on the QD spectra one
can use the bound state calculations in model of defect
with a short-range potential9,25,34. As noted previously,
such point-like defects can be regarded as model quantum
dots of small radius.
The SOI due to BIA26 and IIA in TI quantum wells 27
is described by adding the term τˆy ⊗ σˆy∆s, where ∆s is
SOI parameter, to BHZ Hamiltonian. The calculations
show that the SOI has only a minor effect on the QD
spectra for ∆/M < 0.2 25. However, the SOI is essential
near the level crossing leading to avoided crossing (anti-
crossing). For ∆s/M = 0.2 the anticrossing gap is about
0.05M .
6In the case of magnetic TIs the anticrossing is strongly
suppressed due to the spin degeneracy lifting . When
the magnetization is increased up to |G| = 2|M |, the
anticrossing gap decreases by almost one order of magni-
tude.
The hybridization of the bound states with the edge
states for case of point-like defect was studied in 34. It
leads to the transformation of the localized states to the
resonances. The spectra of edge states do not change, but
the local electronic density of states at the resonance en-
ergy has a sharp peak near the defect. The hybridization
decreases with increasing distance between the defect and
TI edge l and vanishes at l√M/B.
IV. CONCLUSION
In conclusion, we first briefly discuss the reasons for
levels crossing in the energy spectrum of 2D TI quantum
dot and then summarize the main results.
The energy of the deep bound states in QD is deter-
mined not only by the size quantization but by the hy-
bridization of electron and hole bands as well. In shallow
QDs (at |V | << 2|M |) the bound states wave functions
are formed by wave functions of conduction band. The
ground state has minimal orbital energy and is charac-
terized by angular momentum quantum number m = 0
and its electron density n(r) is concentrated in the dot
center. The first excited state has m = −1, with the
density n(r), being concentrated at the QD edge. For
small V (|V | << 2|M |) the increase of V and the de-
crease in R lead to the increase in the energy separation
between the levels of these states due to the growth of
size quantization energy.
Further increase in |V | induces an admixture of valence
band states to the bound states. According to Eqs.( 7)
and (8), the admixture creates the electron spinor com-
ponents having the orbital quantum numbers m = 1 and
m = 0 in ground and excited states respectively. The
electron density with m = 0 has smaller orbital quanti-
zation energy than the one with m 6= 0. That is why
with increasing |V | the excited state energy decreases
more rapidly than the energy of the ground state. As
a result the levels approach each other and intersect at
sufficiently high |V | and small R.
In trivial insulator this trend is fully canceled by an in-
crease in the radial quantization energy, which in its turn
increases with |V |. This is due to the fact that the radial
quantization energy in trivial insulator is larger than that
in TI, because it is determined by lower electron effective
mass. Indeed, determining the electron effective mass m
as the inverse of the coefficient by k2 in the electronic
spectrum ε(k) we find from Eq. (4) mT ∼ 1/(a2 − 2) for
TI and mt ∼ 1/(a2 + 2) for the trivial insulator. For a =
2 we have mT /mt = 3. Finally, we summarize the main
results.
Non-trivial features of 2D TIs can manifest itself not
only in the emergence of robust edge states at the bound-
aries, but also in the unusual spectra of bound states at
defects and in microstructures.
In this regard, we have studied the spectra of QDs
formed in 2D TI by the electrostatic potential. It turned
out that some energy levels vary with the depth of the
potential well in an unusual way. In QDs of small size
(less than the critical one) the energy gaps between some
levels, change non-monotonically, that can lead to their
intersections. The crossing of the lowest energy states is
accompanied by a radical change of the groundstate wave
function.
It is important that the level crossing can be controlled
by tuning of the topological insulator parameters by ex-
ternal transverse voltage.
The results show the major role of interband hybridiza-
tion in the formation of the energy spectrum of bound
states in 2D TI quantum dots.
The spectrum reconstruction results in a non-trivial
changes in the optical properties of QDs in 2D TI. In
particular, the level crossing leads to: i) the significant
changes in light absorption intensity, ii) the efficient elec-
troluminescence caused by electrical tuning the QD and
TI parameters, and iii) the changes in the polarization
direction of the absorbed circularly-polarized light in the
case of magnetic 2D TI.
We believe that the measurements of the optical prop-
erties of QDs in TI can allow one to detect the level
crossing, to study an unusual rearrangement of the bound
state spectra and thus to obtain the better understanding
of 2D TI physics.
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